Abstract. We obtain nonexistence conditions of a solution for of the congruence
Introduction
It is well known that there is no solution to the Diophantine equation x 3 + y 3 + z 3 = n where n ≡ ±4 (mod 9) [6] . Furthermore, if n ≡ 2 (mod 7), then there is no solution such that x ≡ 3, 5, 6 (mod 7). In this paper, we consider more general congruences and their conditions for nonexistence of a solution. The analysis and computer search is not only interesting in itself, but is also useful for some number theoretic sieves that efficiently solve some Diophantine equations [5] .
Here, we discuss nonexistence conditions of a solution for the following congruence:
where k ≥ 2, s ≥ 2 and N are integers, and p n is a prime power. As described in Section 4, for a sufficiently large p that depends on k (we can compute the bound), we can completely describe whether there exists a solution for the congruence (1) through theoretical analysis. Therefore, we consider the following problem.
Problem. For a given integer k ≥ 2, find all integers s ≥ 2 and prime powers p n (we are interested in the least n for each pair (s, p)) such that the congruence (1) has no solution for an integer N . In addition, find all the values of N mod p n .
After the preliminary Section 2, we consider some special cases in which the nonexistence conditions can be obtained through the theoretical analysis in Section 3. We will show some theoretical results that our search algorithm depends on to obtain all nonexistence conditions in Section 4. Using these results, we describe our search algorithm in Section 5. In Section 6, by theoretical analysis and computer search, we will show the nonexistence conditions of a solution for the congruence (1) of the form (s, N mod p n ) for k = 2, 3, 4, 5, 7, and of the form (s, p n ) for k = 11, 13, 17, 19. Finally in Section 7, using the computer search, we consider Waring's problem in p-adic fields; we complete some tables of Hardy and Littlewood, and correct some of their computation errors in [4] .
Preliminaries
If k is a positive integer and p is a prime we can write k = p τ dl, where d = (k, p − 1) and p l. We write ν = τ + 1, p odd, τ + 2, p = 2.
If the congruence
has a primitive solution, then for all positive integers m, the congruence
has a primitive solution. This statement follows from the fact that for an integer a ≡ 0 (mod p), if the congruence
has a solution, then for all positive integers m, the congruence
has a solution. Notably, the congruence (3) has a solution for any integer a ≡ 0 (mod p) and any positive integer m if and only if τ = 0 and d = 1.
The following lemmas are obvious. 
Lemma 2.
Suppose that (k, p) = (2, 2), (4, 2) and M ≡ 0 (mod p ν ). If the congruence (2) has a solution, then it is primitive. Lemma 3. Let p be a prime, k ≥ 2, and (k, p) = (2, 2), (4, 2) . If the congruence
has no primitive solution, then for any integer t ≡ 0 (mod p), the congruence
has no solution.
Nonexistence conditions through theoretical analysis
In this section, we discuss the cases we can treat analytically. First, we can obtain all nonexistence conditions for the following congruence:
has a primitive solution for any integer M and any positive integer m.
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2. When k is even, the nonexistence conditions of a solution for the congruence (4) are as follows:
Proof. Suppose that k is even (when k is odd, Theorem 1 is clear).
Therefore, for s = 2, 3 the statement holds. For s = 4, we will show that the congruence (4) has a solution for any integer N and any positive integer n. The statement holds for N ≡ 0 (mod 8) clearly. For N ≡ 0 (mod 8), put N = 4 e N , where 4 N ; then the congruence
has a primitive solution, and therefore, for any n, the congruence
that is, Theorem 1 holds for k = 2. Next we consider the case k = 2. Note that
The latter holds from the former and from 2 k ≡ 0 (mod 2 ν ), which follows from Lemma 1. Therefore, for s = 2, 3, . . . , 2 ν − 2, Theorem 1 holds. When k = 4, then 2 ν = 16. For any integer N and s = 15, we will show that the congruence (4) has a solution for all positive integers n. The statement clearly holds for N ≡ 0 (mod 16). For N ≡ 0 (mod 16), put N = 16 e N , where 16 N ; the proof is similar to the case k = 2, s = 4 and N ≡ 0 (mod 8).
Finally we consider the case k = 2, 4 and s = 2 ν −1. When N ≡ 0 (mod 2 ν ), the congruence (4) has a primitive solution for any integer N from Lemma 2; therefore the congruence has a solution for any integer n. When N ≡ 0 (mod 2 ν ), the congruence has only a trivial solution, and the statement follows from Lemma 3.
Next, we consider nonexistence conditions of a solution for the congruence
for odd primes of p. 
2. In the case where 
follows from the above fact and from p k ≡ 0 (mod p ν ). Therefore, for s = 2, 3, . . . , p ν − 2, Theorem 2 holds. For s = p ν − 1, the congruence
has a solution for any integer M . Therefore, from Lemma 2, for M ≡ 0 (mod p ν ), the solution is primitive. For M ≡ 0 (mod p ν ), the above congruence has only a trivial solution, and when s = p ν , the congruence has a primitive solution. Therefore, the statement holds by Lemma 3. 2. When (k, p − 1) = (p − 1)/2, the proof is similar to the case (k,
and the congruence
has a primitive solution.
Remark 1. When (a) p = 2 or (b) p is odd and (k, p − 1) ≥ (p − 1)/2, using Theorems 1 and 2, we can find the minimal s such that the congruence
has a primitive solution for any integer M and any positive integer m as follows:
Hardy and Littlewood obtained these values in [4] .
Finiteness of search for a fixed k
In this section, we show three kinds of theoretical results that our search algorithm depends on to obtain all nonexistence conditions for the congruence
The first kind of theoretical result shows that for a fixed k we can obtain all nonexistence conditions in a finite number of steps (Theorem 5 and Corollary 2). The second kind is for efficiency (Proposition 1, Lemma 4 and Corollaries 1, 3 and 5). The third kind is for Waring's problem in p-adic integers, which is used in Section 7 (Theorem 6). First, we observe solutions with modulus p. For s = 2, the following famous theorem by Weil [7] clearly shows that the necessary search is finite.
Theorem 3 ([7]
). Let C be a nonsingular projective curve over a finite field F p . Let L be the number of F p -rational points, and let g be the genus of C. Then,
From Theorem 3, we obtain the following corollary, which is used for the efficient search.
Corollary 1. Let p be a prime and d be
If p satisfies the inequality
then for any integer M the following congruence has a solution:
Proof. It is sufficient to prove the case M ≡ 0 (mod p). Note that the congruence (6) has a solution if and only if the congruence
has a solution. Apply Theorem 3 to the nonsingular projective curve over F p defined by the equation
The genus of the curve is (dl − 1)(dl − 2)/2. The number of F p -rational points whose z coordinates are 0 is d, if there exists a nontrivial solution for x dl + y dl = 0 in F p , and otherwise 0. Therefore, Corollary 1 follows from the next lemma. The following corollary is also derived from Theorem 3, and it gives a computable bound A k such that for any prime p > A k and any integer M , the congruence (6) has a solution.
Corollary 2. Let k ≥ 2 be an integer and let
Then for any prime number p > A k and for any integer M , the congruence (6) has a solution. The order of magnitude of A k is k 4 .
Proof. In Corollary 1, c ≤ k and dl ≤ k.
For s ≥ 3, we can obtain similar results. The following theorem corresponds to Theorem 3 (see [8] for an example).
Theorem 4 ([8]). Let L be the number of solutions of the congruence
. The following two corollaries give conditions when the congruence
has a solution for any integer M ; Corollary 3 corresponds to Corollary 1 and Corollary 4 corresponds to Corollary 2. Corollary 3. Let k ≥ 2 and s ≥ 2 be integers, p be a prime, and d be (k, p − 1). If p satisfies the inequality
then for any integer M , the congruence (7) has a solution.
Proof. It is sufficient to prove this for M ≡ 0 (mod p). The congruence (7) has a solution if and only if the congruence
has a solution such that x s+1 ≡ 0 (mod p). From Theorem 4 the number of solutions of the congruence (9) is at least
and that of the congruence (9) such that x s+1 ≡ 0 (mod p) is at most
since the latter is equal to the number of solution of the congruence
. Therefore, if the following inequality holds, then the congruence (7) has a solution:
Corollary 3 follows from the inequality (10).
Corollary 4.
Let k ≥ 2 and s ≥ 3 be integers, and let
Then for any prime number p ≥ A k (s) and for any integer M , the congruence (7) has a solution.
Proof. Since d ≤ k and 1 < p 1/2 , if p satisfies the inequality
then p satisfies the inequality (8) in Corollary 3. Corollary 4 follows from the inequality (11).
Remark 2. For small values of k and s, the bound A k (s) is larger than A k . The pairs (k, s) such that the inequality A k (s) > A k holds are as follows: (a) (k, 3) where k ≥ 2, (b) (3, 4), (3, 5) , (3, 6) , (4, 4) .
The following two corollaries give conditions when the congruence
has a nontrivial zero for an even k; Corollary 5 corresponds to Corollary 1 and Corollary 6 corresponds to Corollary 2. Proof. If the inequality
holds, then the congruence (12) has a nontrivial solution since the number of solutions for this congruence is not less than p
Corollary 5 immediately follows from the inequality (13).
Corollary 6. Let k ≥ 2 be even, s ≥ 3 be an integer, and let
. Then for any prime number p ≥ B k (s), the congruence (12) has a primitive solution.
Remark 3. The congruence Next, we are concerned with higher prime powers p n . Thanks to the fact described in Section 2, we must only examine n ≤ ν.
If s = 2 and p|k, then there exists an integer N such that the congruence has no solution with modulus p 2 .
Proposition 1. Let k ≥ 2 be an integer. If a prime p divides k, then there exists
an integer N such that the congruence
Proof. It is sufficient to prove that k = p. Since #{a p | a ∈ Z/p 2 Z} = p,
Therefore, there exists at least one N ∈ Z/p 2 Z such that the congruence (15) has no solution.
With modulus p n , we need only examine s < k, thanks to the next theorem. 
Theorem 5 ([4]). Suppose k is of the form
k = p τ dl, where d = (k, p − 1), p l and p is an odd prime. If d < (p − 1)/2, then for s ≥ k the congruence x k 1 + · · · + x k s ≡ M (mod p m ) (16)
When k is odd, then
p > A k for s = 3, p ≥ A k (s) for s ≥ 4. 2. When k is even, then p > A 4 = 21 + 12 √ 3 = 41.78 . . . for (k, s) = (4, 3), p ≥ B k (s) for other (k, s).
Proof. First note that if
Therefore, we need only examine with modulus p whether the congruence has a primitive solution for any integer M .
When k is odd, the congruence has a nontrivial zero even if s = 2. Therefore, Theorem 6 follows from Corollary 4 and Remark 2.
When k is even, first we will show that in the range 3 ≤ s ≤ k − 1 the inequality A k (s) < B k (s), i.e., the inequality
holds. But this follows from the following inequalities:
Therefore, by Corollaries 4, 6 and Remark 3, Theorem 6 holds.
Algorithm
Using the results in Section 4, we will show that for a fixed k, we can obtain all nonexistence conditions for the congruence
in a finite number of steps. Note that if p k and (k, p−1) = 1, then the congruence
has a primitive solution for any M and m. Therefore, we only examine primes p such that p|k or d = (k, p − 1) > 1.
Algorithm (finding all nonexistence conditions).
Input: An integer k ≥ 2. Output: All nonexistence conditions for the congruence (18). 1. For p = 2 and odd primes p such that d ≥ (p − 1)/2, we completely determine the nonexistence conditions of a solution for the congruence (18) from Theorems 1 and 2. 2. For other primes p, we need only examine s < k from Theorem 5.
(a) The number of odd primes p that satisfy p|k and 1 ≤ d < (p − 1)/2 is finite, and it is sufficient to examine whether the congruence (18) has a solution in the range n ≤ ν for such a prime p, using Lemmas 3, 4, Proposition 1, and Corollaries 1, 3, 5, or by a computer search. (b) There are an infinite number of odd primes p such that p k and 1 < d < (p − 1)/2, by Dirichlet's Theorem. Since ν = 1 for these p, we need only examine whether the congruence
has a primitive solution (higher powers of p n are not necessary). For any prime p > A k and any integer N , the congruence (19) has a solution. When p N the solution is primitive from Lemma 2. Suppose that p > A k and p|N . When s > 2 the congruence (19) has a primitive solution (set x s = 1). When s = 2 we completely determine whether (19) has a primitive solution from Lemma 4. For primes p where (19) has no primitive solution, we completely determine the values N mod p 2 so that the congruence x
has no solution from Lemma 3. Therefore, we must only examine s < k and odd primes p that satisfy p ≤ A k , p k and 1 < d < (p−1)/2 to determine whether the congruence (19) has a primitive solution using Corollaries 3 and 5, or by a computer search.
We illustrate the algorithm when k = 5.
Example (k = 5). We examine primes p such that p|5 or d = (5, p − 1) > 1; the latter condition is equivalent to p ≡ 1 (mod 10).
1. Among the above primes, 11 is the only one that satisfies d ≥ (p − 1)/2. From Theorem 2, we completely determine the nonexistence conditions of a solution for the congruence (18). 2. For other primes, we must only examine s < 5.
(a) 5 is the only prime that divides k. Note that ν = 2 for p = 5. Since a 5 ≡ a (mod 5) for any a, the congruence (19) has a solution for any s ≥ 2 and any integer N . When s = 2, there exists an integer N such that the congruence
has no solution, by Proposition 1. We search for them and obtain N ≡ 3, 4, 5, 9, 10, 12, 13, 15, 16, 20, 21, 22 mod 5 2 . When s = 3, for the above values N we find that the congruence Table 2 .
Tables derived by computer search
Using the algorithm in Section 5, for a fixed k, we obtained the nonexistence conditions of the form (s, N mod p n ). Fortunately, for k = 2 and 3, no computer search is necessary. Case k = 2: The bound A 2 is 1. The nonexistence conditions (s, N mod p n ) are: (2, 3 mod 4), from Theorem 1, (2, pt mod p 2 ) for p ≡ 3 (mod 4) and 1 ≤ t ≤ p − 1, from Lemmas 3 and 4, (3, 7 mod 8), from Theorem 1.
Case k = 3: The bound A 3 is 7.46 . . . . The nonexistence conditions (s, N mod p n ) are:
(2, i mod 9), for 3 ≤ i ≤ 6, from Theorem 2, (2, i mod 7), for i = 3, 4, from Theorem 2, (3, i mod 9), for i = 4, 5, from Theorem 2.
For other values of k, we completed tables by computer search. We obtained the nonexistence conditions for 4 ≤ k ≤ 10 and all primes k ≤ 47. To save space, we do not show all of the results; Tables 1, 2 
For example, the first row means the congruence
has no solution for N ≡ 31 i t (mod 7 2 ), where 1 ≤ i ≤ 6 and t = 3, 9, 27, 43. Table 4 shows the nonexistence conditions (s, p n ) for k = 11, 13, 17, 19. To save space, this table shows only the maximal s for each pair (k, p n ). For example, the row "k = 11, s = 3, p n = 11 2 , 89" means there exist integers N 1 and N 2 such that the congruences
2 ) License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
7. Waring's problem in p-adic fields Through theoretical analysis and computer search, for several values of k we obtained the nonexistence conditions of a solution for the congruence
These results are closely related to Waring's problem in p-adic fields, namely, the problem of representing any p-adic integer by a sum of s kth powers of p-adic integers. The problem is equivalent to finding a primitive solution of the congruence
for any rational integer M , except in the case (k, p) = (4, 2) (the least s such that any 2-adic integer can be represented as s 4th powers of 2-adic integers is 15, however, the least s such that the congruence (21) has a primitive solution for any rational integer M is 16). We define the number Γ p (k) as the least positive integer s such that the congruence (21) has a primitive solution for all rational integers M . The number Γ(k) is defined as max{Γ p (k)}, where p runs through all prime numbers.
We utilize the algorithm described in Section 5 for computing Γ(k). Obtaining the value of Γ(k) is easier than obtaining all nonexistence conditions for k, since the bound, up to which we must examine primes p, decreases whenever we find a prime p such that Γ q (k) < Γ p (k) for all primes q < p. Significantly, if we find a prime p such that Γ p (k) ≥ k in Step 1, then Step 2 is not necessary, by Theorem 5.
We illustrate how the bound decreases while computing Γ(34). In Step 1, the largest value of Γ p (34) is 8 for p = 2. Since 8 < k = 34, by Theorem 6, we must examine whether there exists a prime p < B 34 (8) = 11203.93 . . . such that Γ p (34) ≥ 9 using Corollaries 3, 5 or by a computer search. The bound decreases to B 34 (10) = 6255.82 . . . when we find that Γ 103 (34) = 10. Note that we must examine primes p ≤ A 34 = 115201.99 . . . to obtain all nonexistence conditions for k = 34.
In [4] , Hardy and Littlewood considered the number Γ(k); however, their notations were slightly different from ours. Tables 5 and 6 correspond to Tables 1  and 3 in [4] , respectively. In the row in Table 5 and in the column in Table 6 , "p" refers to the least p such that Γ p (k) = Γ(k). There were undecided results (e.g., the entry of Γ(37) was "≥ 9") and several errors in [4] . The symbols " * " and " †" refer to the undecided results and errors in [4] , respectively. It took approximately 6 seconds to obtain Table 5. Note that it took a much longer time to obtain all nonexistence conditions for a single value of k (k = 29, as described in Section 6, 
